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Two motivating questions
(1) When does algebra determine topology ?

Thy [Freedman]

✗
" closed

, simply connected , H☆(×)≈H•(8D → ✗¥p S4

(2) When does topology determine smooth structure?

Thm_[Akbuht
- Ruberman]

3- compact contractible 4-manifolds w/

distinct smooth structures

Model setting :
knot concordance

iEe@fe.k ,

5×8}
Ko and Ki are ☆-connt (Kong K,

'

if they abound a ☆ - embedded

53I { §g annulus in SII

gem Ko 5×0}
☆ c- { smooth, topologically locdlyfkt)}



Example 5×4}

5×{2/3}

5.✗ {
'b}

5×80} 0 I.

Exonpk2_

EFi:E÷÷%→€£:=¥¥÷..ⁿ% I:¥

Why mightonec.ae?-(FUYfpkfmU) ⇒ G- multiple distinct
smooth structures on ☒4)

Theorem 6*:= { knots in 5}/~* is an abelian group
ir

(wrt operation induced by #)

known : 27%(27/2)=-6.
Unknown : ① ≤ % ? ④te ≤ % ?



Philosophy : Understand 6* via satellite operators

-

P :S
'

↳ S
'

✗ D2 K :S
'
↳ S3 PCK) : sics S3

UseFᵈF¥y pattern P induces P : 6*→6*
.

[ given ko-• Ki ,
"

satellite the concordance
"

E_Xamp¥ to see Rko)-* PCK)
.
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key attribute
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algebraic winding# up c- 27



Question what are the set-theoretic properties
of P : % →%

windingNonber:0;!ÉSometimes !

Surjective? Never ⑧ + a) Never
Not always .

Not always sometimes !

Injective? + ⇔
+ a>

? ? ?
s?
(1) M .

- Piccirillo , 2018

(2) A .
Levine

,

2016

(3) M . , 2019

Questioned How do satellite operators interact
with additional structure on ☆* ?



More precisely : when is P : % → % a

group homomorphism .

(1) Not always : }?É◦m .Pal) must be
concordant

to U

o - map Identity Map
(2) Sometimes ! Our ⑦

④
Reversal Mcp

(3) Conjecture [Hedden 2016] :

the only satellite - induced homomorphisms of §*

are [K]→ [K]
,

[K]→ [Kr]
,
and [K] → [u]

.

Technical Challenge :
P(a) slice ⇒ P induces a horn of

"

algebraicconcordance "



someresolts-i.CI
) These are not homomorphisms of Gsm .

⑧ . .

- [Gompf]
← [A. Levine]

← [Hedden]a

[ Recent work
w/ Lidman and Pinzon - Caicedo

unifies + generalizes (
most of ) these examples .

]

Moral : We can obstruct given examples
from

inducing horns , but thus Rr nogeneral strategy .

Petri,
gy*(k):=min{gCF) : Fcp B

"

,
dF=K}

(generalizes go.CI/n)=minSgCF):FoS?dF--K}
.

)



Corollaries
them [Schubert , 1952]

P " """" °
"ʰ " ""
"

←☒
"}

⇔ "
"
⇐
"D= "

for every
nontrivial K ,

(b)
a!%%%¥:;=1wñgz(PCKD =gp + lwplgsck)

for all P

What happens w/ smooth
4-
genus

?

(a)g.TG.CI ,D) = n (b) " m ˢ%g¥;÷¥⇒=lwp1k→o

B- all P

What happens
w/ topological 4-genus?

Im [ Feller - M- Pinzon
- Caicedo

,

' 19]

(a) g¥m(I.D) = 1 .

(b) 1in ˢHg¥÷;¥{ᵗ%≠° .

0 wp=0
k→o



Eomeoutstanding_ problems
(1) Prove that Wh (K)smell⇔ KIM U

[More generally , prove
there are injective -but-

not - surjective

patterns : ⑧ ⑧
. . . . .
]

(2) Determine whether every winding# 1 pattern

acts by connected soon on top . concordance .

[
Related to

"

Akbulut - Kirby
"

conjecture .

• IF yes ,
"

homotopy slice - ribbon
"

is false .
]

(3) Is it true that for
all BK

g.it/pckD=giiP(PluD+gFP(k) ?

[
Note :

for any
notion of hot genus g ,

g (PCKD ≤ gp
+ lwplg (K) .

Forge { gs, gysm } there are many examples
of]

equality,


